1. Appl. Maths Mechs, Vol. 58, No. 3, pp. 507-519, 1994
Pergamon Copyright © 1994 Eisevier Science Ltd
Printed in Great Britain. All rights reserved

0021-8928/94 $24.00+0.00
0021-8928(94)00075-1

OPTIMIZATION OF THE MASS OF A WING+

V. S. ZHIROV

St Petersburg

(Received 22 April 1991)

A problem of optimizing the mass of a wing is formulated for a possible permeable wing made up of a
system of feathers. The basic characteristics of the external shape of the wing are assumed to be
specified. An approximate solution to the problem is found. Formulae for obtaining the optimum wing
mass are obtained.

1. CONCEPTS USED

A first-order feather is a system of beams, one of which is selected to have all the remaining
beams cantilevered from it, with the axes of the cantilevered beams lying in a single surface.
The surface containing the axes of the cantilevered beams is called a first-order feather surface,
and the selected beam to which the cantilevered beams are attached is the spine of the first-
order feather. The cantilevered beams themselves are sometimes called zeroth-order feathers
(degenerate feathers).

For k=2,3,...akth order feather is a system consisting of a beam and of (k-1)th order
feathers, each of which is cantilevered from the beam by means of the spine, so that the
surfaces of the (k—1)th order feathers coincide. The common surface of the (k—1)th order
feathers is called the surface of the kth order feather, and the beam to which the (k-1)th
order feathers are attached is the spine of the kth order feather. A kth order subfeather is a
system consisting of a beam and (k —1)th order feathers cantilevered from it by means of the
spines so that not all the surfaces of the (k—1)th order feathers coincide. The spine of a kth
order feather (or subfeather) is for brevity often called a kth order spine. If n is the highest
order of the feathers (or subfeathers) constituting a wing, then any surface of these feathers (or
subfeathers) is called the wing surface.

A feather (or subfeather) is said to be symmetrically loaded if its spine is in a perpen-
dicularly stressed state [1]. Here we consider spines of annular section. To calculate the
dimensions of the section we will use the familiar strength condition for a cantilever spine
under the action of a distributed transverse load, 4MRr'(R*'-r*)" <o, where M is the
bending moment acting in a section of the spine, R is the outer radius of the section, r is the
inner radius of the section, and ¢ is the breaking stress. Using this, the smallest cross-sectional
area for a given R and M is described by the function

F(RM)= {RR2(1 —\/1 -4M /(noR*)) when moR® = 4M (1)

e — otherwise
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2. FORMULATION OF THE PROBLEM

In order to describe the shape of the wing in plan we will introduce a skewed Cartesian
system of coordinates x, y with an angle @, between the x and y axes, assuming that 0<, <.
Suppose that this shape is a parallelogram bounded by the coordinate lines x=0, x=p,
y=0, y=1{, where b.and [ are given positive numbers. The wing is attached at the y=0 sidc.
We will consider two cases of wing construction: (1) with a single surface common to the nth
order feathers, and (2) with two surfaces common to nth order subfeathers (n is variable).
Wing sections for the first and second cases are shown in Figs 1(a) and 1(b).

We will formulate the problem for the first case, taking the wing surface to be the z =0 plane
(the z axis being perpendicular to the x and y axes), and then point out the properties of the
second case.

The plan shape of the wing when n =1 is shown in Fig. 2. We shall assume that the pressure
drop through the surface of the wing at any point (x, y, 0) on this surface is given by the
product p,(x)p,(y) for x€[0, b], ye[0, /], where p, and p, are known continuous functions,
positive inside the specified intervals. We shall later show how the force of gravity can be taken
into account, but for the time being we shall assume that it can be neglected.

Taking the projection of a wing (or a feather) to be its projection onto the z=0 plane, we
shall consider versions of wings in the form of collections of nth order feathers which satisfy
the following restrictions: (a) the wing projection decomposes into projections of nth order
feathers with the help of the lines x=const, (b) the axis of the spine of a kth order feather
(k=n, n—1,...,0)is an interval of the line x=const when (n—k) is even and of the line
y = const otherwise, the position of the axis being chosen so that the feather is symmetrically
loaded, (c) the spine axis of a kth order feather (k=n, n-1, ..., 1) divides the projection of
this feather into subprojections which decompose into the projections of (k-1)th order
feathers with the help of the lines x=const when (n—k) is odd, and y=const otherwise, wherc
the decomposition of a subprojection when k>1 is performed so that the spines of the
(k—1th order feathers have identical loads, (d) the external radius of the section of an nth
order spine at any point (x, y) on the axis is given by a specified function f(y)(y€[0. []), which

(a) ()
FA i e
5'—0-'0"0"0“0‘ = 7|<[I_D._D._D;D—;

Fig. 1.
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is concave, positive and decreasing, (¢) the external radius of the section of a kth order spine,
where 0 k<n-1, is bounded by the values f{/) when 1<k<n-1, and § when k=0, where
the parameter & is imposed by quality requirements on the surface, 8 < f().

We introduce the fundamental variables. First, we introduce the variable m, which is the
number of nth order feathers in the wing, and relate it to the mass of the nth order spines.

By hypothesis, the projection of the wing decomposes into the projections of nth order
feathers with the help of the lines

x=x,-!(m), ip=1L...m+1 21)

where the parameters are found from the condition of equal spine loading

Ty (m) 1 b _
I p;(X)dx:;g’pl(x)dx, i=L..,m 2.2)

X, (m)

where x,(m)=0. The ith and (i, + I)th pair of adjacent lines from (2.1) together with the y=0
and y=1 lines bound the projection of the i th feather of nth order. The spine axis of this
feather is the section of the line x=ux{(m), bounded by the lines y=0 and y=1I, where
x=x;(m), is found from the condition for symmetrical loading of the feather

Jf;“i (m) Xp41{m)
[ pOxg(my=xldx="" [ pi(x)[x~xi(m)ldx (23)
Xy (m) xf (m)

The spine is secured in the section where y=0, so that in the section appropriate to some
point (x;(m), y) of the axis there is obviously a bending moment
X4 (m) .
M, (m,y)=sin@g | p(x)dx|p(FXF-y)dy
X (m) ¥y
The smallest cross-sectional area corresponding to this moment is F[f(y), M, (m, y)], where
F is a function of the form (1.1). Taking this into account, we conclude that the spine of the ith
feather of nth order is of mass

i
G, (m)=p[FIf(y), M;(m,y)ldy
0

where p is the density of the wing material. We shall impose a restriction on the variable m
with respect to the ratio of the spine radius and the size of the feather projection

sin(polx,.‘;(m)—xiﬁj(m)bwf(O), f=l..m j=0,1

where the number w is assumed to be specified so that w=1.

We have thus introduced the variable m and related it to the mass of the spines of the nth
order feathers. Then, for i, =1, ..., m we introduce a variable m, , which is the number of
pairs of (n-1)th order feathers constituting the nth order feather with number i. We relate
the variables m, to the mass of the (n-1)th order spines.

The spine axis of the i th feature of nth order decomposes the projection of this feather into
two subprojections, which are numbered by the index j. The value j, =0 corresponds to the
subprojection at whose points x<x(m), while the value j =1 corresponds to the other
subprojection. By hypothesis, each of the subprojections is divided up by the lines

y=y(m) b =1...m +1 24)

into projections of (n-1)th order feathers, the lines satisfying the conditions of equal spine
loading
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yi2+l(mil) 1 {
[ pedy=—[p(»)dy, i=1..m
Yip () Mo

with y,(m, )=0. Thus any adjacent i,th and (j, + 1)th lines from (2.4), together with the lines
x=x,,;(m),  x=x;(m) (2.5)
bound the projection of the (n-1)th order feather with number (,. i,. j,).The spine axis of

this feather is the section of the line y= y{(m,) enclosed by the lines (2.5), where the parameter
of the axis is found from the condition for symmetric loading of the feather

)’icz (my;) Yig+1(m))
[ pOys (m)=yldy=" [ py(Mly~yi, (m;)]dy
Yip (miy ) G (my)

We shall provisionally assume that the spine is attached in the section where x = x; (m), so

that in a section corresponding to some point (x, y;(m,)) of the axis there is a bending
moment

y12+l(ml1)
M (mm ) =singy | p@x-DE | p(0)dy
xq+jl(m) ylz(mx])

Taking the outer radius of the section to have the largest admissible value f{/) (minimizing
the area of the section), we express the mass of the spine numbered (i;. i,, j,) in the form
xh (m)

Gl (m,m)=(-"p | FLF(D), ML, (m,m; ; x))dx

h 2
Xl] +1 (m)

The variable m, is restricted by the sizes of the feather projection and spine radius
Sin(Poly;(m,’l)—yiz+j(mil )IZ f(l), 12 = 1 ‘l ]=0v1

Thus for feathers of order & =n—1 we have introduced variables m, (i, =L, . ... m) which we
have related to the mass of the spines of those feathers. We perform a similar formalization for
feathers of order k=n-2, ..., 1. In particular, if we have performed the formalization for
k=n-s,where l=s<n-1, thenfor k=n-s-1 we proceed as follows.

We introduce the variable m/), which is the number of pairs of (n—s-1)th order feathers
in the (n-s)th order feather with number (i(s+1), j(s)). Here and below the index j(s)
denotes the set of indices j, ..., j,» and the index i(s) denotes the set of indices i, . . .. i In
the newly-introduced variable the indices take the following values

. . .o — j(s-1), - . vy =
L =1,...,m; 15 =1,...,m,'l; IETERN FS| —l m,j(;) I it "0¢1s ey Js —071

To simplify the formalism we introduce the following notation

(1) j(s) ;
i) = (m,mjy)s...omiiseyy with - odd
i(s+1 i(2) J(s) i N
i(s+) ™ (m,l,m{m v Mieayy With = ven

Two cases are possible: (1) s odd, and (2) s even. We shall only consider the first casc.
because the formulae for the second case are similar, the main difference being that the x and y
coordinates and the functions p,(x) and p,(x) are interchanged. The spine axis of the feather
numbered (i(s+1), j(s)). where s is odd, decomposes the projection of this feather into two
subprojections which we number with the index j,,. j., =0 corresponds to the subprojection
at whose points y<y’ (u/5"). and j,, =1 to the other subprojection. By assumption, each of



Optimization of the mass of a wing n

the subprojections is divided into projections of (n—s—1)th order feathers by the lines
X=Xia (l»’-{((gl))’ fy2 = 1’---vm{((s?1) +1 (26)

satisfying the conditions for equal loading of the spines

o ¢ (ud$5-2)
xi,+2+l(llf(,+l)) xf (u'l(:—l) ) ~ | |
@ [ g = j($)
Lopdr=s [ DR mChy, ey = L miCy
x":+2(ull((-2'1)) Fig+js (u'l!(:—-l) )
where
j(s-2) .
J(s) xi, (Wigs-1) ) when j, =0
X1 (ui(s+l)) =

X (uiSo)) when j, =1

A pair of adjacent lines fronr (2.6) numbered i ,, and (i,,, +1), together with the lines

Y= Viutisn (P'{((ss)-l))’ y= )’.‘i,,, (u{(‘,’)'”) 27)

bound the projection of the (n-s-1)th order feather numbered (i(s+2), j(s+1)). The spine
axis of this feather is the section of the line x = x{,(ur,), enclosed by the lines (2.7), and we

is+2

find the axis parameter from the condition for symmetric loading of the feather

g W {((3‘)) c ) Figya+l (“f((:il)) . i)
ok (x)[x,'”z (Higseny) —xldx = | o p(x)x - Xi 1 (M(siry)]dx
Fige2 (u{((:ll)) xii_'_z (u’,{( ,ﬂ))

In the section corresponding to any point (x=xfs+2(u{((:ll)), y) of the spine axis there is a
bending moment

j(s+1) j(s) : Xi“”l(u{((gl)) ¥ 35 S
(e (mamy,millyiy)=singy [ opdx [ p(O-DG (28)
Fig 42 (KiGan) Yigartiser Bl )

Taking the outer radius of the section as the largest permissible value f(/), we write down the
mass of the spine for the feather numbered (i(s+2), j(s+1))

j(s+1) j(s) y—
GiEH mmy,....miC)yy) =
Yo (™) (2.9)

=(-Dp [ FIFULMISR) (momy . miSh s y)dy
Yisq1+js+1 (ull((;)_ ) )

The variable m;,),, should satisfy the restriction

sin@ol x{, (WIS1)) — %, oy WIEL I F(D) (2.10)

5

: - j(s) . =
Ly2 = 1""”nij(.\'ﬂ)’ Y= O’l

We have thus performed the formalization for feathers of order k=n—-s-1, when s<n-1.
For s=n-1, i.e. for feathers of order k=0, the formalization is similar to that described,
although there are differences. We will indicate these differences (for the case of odd s) as
follows.

1. The parameters of the lines (2.6) are determined from the condition for the external spine
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diameters 1o be equal, i.¢. from the condition

j{s) i)\ _ j(5) :
Xi o+ (Micsany) = Xi,, (Kan) = 2r(R]51h)) 1 singg

J j(s-2) j(s~2
(" L IS - x o, WiS)

Jj(s}
2miny

r(u{fﬁin) = ) sin @
is the outer radius of the spine.
2. The spine axis parameter x; (W), is the average of the parameters x, (W) ), y=0, L.
3.1In(29) f(I) is replaced by r(u!),). -
4. Instead of restriction (2.10) the surface quality restriction r(uf});)) <3 is used. We will
finish the formalization by writing out the efficiency criterion

n L Ly NI . jn-1)
2[G(m+ L L Gioy(mm)+..+ X ¥ .. X X Gipupy(mm,..omiy")
=) =0 b=1 H=0 Bt jg=0 fpyy=]

It is required to minimize this criteria with respect to the variables n, m, m_. m)3

m}i ™ under the given conditions.

3. SOLUTION OF THE PROBLEM

Suppose n >2. We shall first show that in order to reduce the value of the efficiency criterion
it is desirable to increase the value of each variable m,’((,j’_flz)". describing the number of first-order
feathers in the second-order feather numbered (i(n -1). j{(n—2)). To do this we shall prove
two assertions. The first shows that when mf(‘,'j_ff)’ increases, the total mass of the first-order
feather spines decreases in the second-order feather numbered (i(n-1), j(n—2)). It follows
from the second assertion that when the same variable is increased v times (v=2, 3, ...) there
is a reduction in the total mass of the zeroth-order spines entering into the same second-order
feather.

Assertion 1. Suppose there are two sets of symmetrically loaded feathers: TI) (i=1, ..., v,)
and I, (i=1,.... v,) and that for each feather ITf(x =0, I i=1,..., v,) the spine axis is the
section of the line & =&’ enclosed between the lines n=0 and n=gq in the Cartesian system of
coordinates O&n, a>0. Suppose that the spine section through some point (€', ) of the axis
has an outer radius R(m)>0 (me]0, a]), and that in this section there is a bending moment
M}(n) the internal radius of the section being chosen so that the area of the section is the
smallest one preserving the rigidity of the spine.

We introduce the notation

M= i} MF ()Y

Suppose, further, that the functions R(n) and M (m)(me€[0, a]) are continuous, and that

MF(M)>0, nel0,a], x=0,1 i=1L..,V, (3.1)
Zo(m=Zi(), nel0.al (32)
MFMm)=M{(m), nel0a], k=01 ij=1..,v (3.3)

Then, if v, <v,, the total mass of the spines of the 117 (i=1, ..., v,) feathers is greater than
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the total mass of the spines of the IT' (i=1, ..., v,) feathers.

Proof. From the conditions of the assertion, the area of the spine sections for each feather I (x=0, 1;
i=1, ..., v,) is described by the continuous function

FIR(M),M{ ()] = =[RODP[L —\/1 -MfMma(n)]l. nel0,a]

a(n) = 4(re) (RO >0

where the expression under the root is non-negative. The volume of the spine of the II} feather is equal
to the integral of F[R(m), MF(n)] over the interval [0, a]. In order to prove the assertion it is therefore

sufficient to show that

¥ FR,MOM]> T FIROD.M{(), nel0.0)
i=1

i=l
Expanding the function F in series, we can write this inequality in the form

2

2V zhm+2 (“’zo(n)+ > Xz + 20

We use the fact that when v, <V, the relation

LM >Z{(m), nel0a), s=23,..

is satisfied by virtue of conditions (3.1)-(3.3).

The validity of (3.4) then follows from the series comparison theorem.

Remark. If we have vy=1 in the formulation of Assertion 1 (one feather being replaced by v,
feathers), then the assertion still holds without conditions (3.3).

Assertion 2. Suppose we have a pair of spines C (i = , 2vy) and v, pairs of spines C!
(i=1,..., 2v)), where v,=1<v, (Fig. 3), where the axis of any spine C’ (x=0,1; i=1,...,
2v,), is described by a section [E],, &F] of the & coordinate axis such that

ES <Ef <..<E5, (x=0,), EJ=Ej, &) =E&, (3.5)
g (¢)
}5: & e €
ey
& ¢ & f;;;-/ fl’a; ¢

Fig. 3.
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Furthermore, we will specify a continuous function g(&), &e[£;, £5] whose restriction to any
interval [£,, &F] gives the distribution of the transverse load acting on the spine C[, and
q(€)>0 when & <& <&). Suppose that the spines C) , and Cj,, where 1< s<v_, are fixed in a
neighbourhood of the points &), ,. and that in sections of the spine near this point the bending
moments are cqual

éxs—l QKS x
T NS ~ B = | qEE-ES I (5=1..vy)
§§5~1

Eon 2

Finally, let the outer radius of the section of each spine be R >0, and the inner radius be
chosen so that the cross-sectional area is the smallest consistent with the structural integrity of
the spine. Then the mass of the pair of spines C{ (i=1, 2) is greater than the total mass of the
v, pairs of spines C? (i=1, ..., 2v)).

Proof. The bending moments acting in different sections of the spine ¢, ,,, (x=0, Lis=1, ...,
v.; J=0, 1), are described by a function

M3 14 (8) = ? g(E)E-E)dE, & € (&5 (s-1ysj+E25-14/] (3.6
E3 (14 )

that is continuous and monotonic (using the properties of g ). In addition, from the conditions of the
assertion the relations

MFENY = MEED) (x=0,1; i=1..2v -1 (3.7)

hold.
Hence for k=0, 1 one can construct the continuous function

M (&)=MI(&), Eel8l &) i=1..2v (3.8)

and express the volume of each set of spines C;* (i=1, ..., 2v,) as an integral of the function

F(R,M*(£)) = iR (1 - {1 - 4M*(E)(noR®)" ). & e(ED.E))

where the expression under the square root sign is non-negative. Since the function F(R, M"(§))
increases with M*(E)) then, from the properties of the integral, to complete the proof it is sufficient to
justify the inequality M°(&)= M*(§) when &e[&;, &;], and in addition, to show that this inequality is
strict on some interval [£’, £”] where & <& <&”<&. To this end we take any sefl, .. .. v,} and
consider the relation between M°(§) and M'(§) in the interval [§; . &, ]

Two cases are possible: (1) &;, <& and (2) &, , = &]. The arguments are similar in the two cases, so
we shall only consider the first. In that case, using (3.8), (3.6), (3.5) and the properties of g, we have

MO(E) = MO(E) = Mb,_,(§) = M'(E), & e€(BisnyEaei] (3.9)

We consider the relation between M°(&) and M'(E) in the interval (€}, . &,,]. The possible situations

are: (a) &) >E&° and (b) &, <¢&!. We shall only consider the first of these, the proof for the second case
being similar. In casc (a), assuming that &} = ES, we obtain the relation

M}, 1 (&) < MP(ED) = M (ED) < M3, (83,1)
contradicting (3.7). Hence &), <& and like (3.9) we have

2s

MO(E) = MO(E) > M, (8) = M'(8), EelE).E]
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Moreover, using (3.6)-(3.9), we obtain
MO(&) = MP(©)> MP(Eh,1)> M}, 1 (8, ) = M (&L ) > M3, ()= M'(), & (B,.1. 81

The assertion is proved.

It follows from Assertions 1 and 2 that it is desirable to assign the smallest value allowed by
restrictions (2.10) to the variable m/.>), i.e. to take
j(n=2) _ ==j(n-2)  j{n-4)
miir) = Ay (Wiass)) (3.10)
j(n-3),

(il = 1,...,m; ...;in_] = 1,...,m,-(n_2) N jl = 0,1; ---;j"_2 =O’l)
since this will minimize (for the specified variable) the total mass of the first-order spines, and
moreover, this turns out to be close to the smallest total mass of the zeroth-order spines, and at
the same time preserves the non-varying mass of the spines of order 2, . . ., n. From the same
assertions it also follows that it is desirable to assign to the variables

j(n~3 ; e = jn-4}, - _n1 - .=
miJ((nn_z)) (y=1omy iy o =L,ml0 s 1 =01...5j,.3=0,1)

the largest possible values compatible with conditions (3.10). Here we will achieve the
minimum total mass of the second order spines (with respect to the indicated variables), it is
close to the minimum total mass for the first-order and second-order spines, and the masses of
spines of orders 3, . .., n are unchanged. The length of each first-order spine is near to the
value f{I) of the outer radius of a second-order spine. In this case such degenerate first-order
spines can be eliminated from the make-up of the wing without significant loss of mass, i.e. n
can be reduced by 1.

Continuing the argument, we conclude that to minimize the efficiency criterion it is desirable
totake n=2, m=m, m, =m, (i,=1, ..., m), where the largest allowed value of the variable
is noted. The smallest possible value of m{}, which maximizes the outer radius of the
zeroth-order spine section and minimizes its mass, is assigned each variable m; (i =1, ...,
m; L=1,..., m;j =0, 1), giving the number of zeroth-order spine pairs in the first-order
feather with number (i, i,, j).The possible error in the minimum efficiency criterion when
these values are used is smaller than the total mass of the zeroth-order and first-order spines.

We shall estimate the total mass of the spines for each order k=0, 1, 2. We first obtain an
estimate for k=0, taking s=1 in expressions (2.8) and (2.9), and replacing f(I) by r(u}y) in
(2.9). We take into account that the bigger the variables m, m, my), the closer the limits of
integration in each integral of formulae (2.8) and the smaller the moment (2.8). We assume
that this moment is sufficiently small that one can neglect the error caused by replacing the
function F with the first term of its series expansion in (2.9). Then

T (3) Y%, (m;. ) ,
i) i)y _ B 3+185(2) R AN b _ _
G (mmy ml)) = —s— | op@dD2 [ dy ] p (-5 =
r(Hi2)) x, wi) Yo (M) Vg (miy)

j ; ) (1)
_Be, G2 AYE (m)P x,3+.(u;’(z>>p s
= 7 P

6rikice)) x5 (WD)

where
B=2psing, /o, A}’.ﬁ2 (my)= (~1)"2 [yf2 (M )= Yiyajy (M )}

and the number y7, which ensures that the equality is satisfied, lies between y,, (m,) and
y;(m,), by the mean value theorem. We introduce the following notation

L(1°)= max Ay (my), p® ={m;)
n+02.J2



516 V.S. Zhirov

r(')= min r(e/),  p'=(ml3))
i1.i2

Using this notation and the definition of the integral, we obtain

J)
my 1 M)
i(2) )
3 T X Gy (momy, mig) =
:l j2=0 i3=

b

u M-

(=D Bp, (Y2 N AYE (m)F 5 (™
5 Bp, - [ px)dx<
i1 Rz 6r (ui(2)) Xy +jy (m)

n

2 xjj (m)
<BEWD o (i T pde 3 g8y (my) = pPIR) / Bon ()]

6’ (l»1 ) i Xy 4y (m) N7
where
b {
P =sin@q | p;(x)dx| py(y)dy
0 0
is the lifting force. Let /, be the value of L(u") when m, =m (i, =1. ..., m), and iet r, be the

value of r.(u') when

mi%) --m’l (y=1...m; p=1L..m; j=01).
We then have the estimate

pPI2 / (3ory) (3.11)

for the total mass of the zeroth-order spines (for the chosen values of the variables). We
similarly obtain the estimate

pPIY /(3af ()] (3.12)

for the total mass of the first-order spines, where [ is the longest length of the first-order
spines. Finally, we can similarly derive an estimate for the total mass of the second-order
spines

_ psin 9o (¥ 7
2227 [ py(x)dx (3.13)
3f 1) !)” *

where the numbers y; and yj* are taken in the interval [0, /] so that

*y 3 {
pg;ﬁy (J) ) IPz(y)(y—y)d’
l

Introducing a number A, such that

{
P2 =N, [ pa(y)dy
0

we can rewrite (3.13) in the form

G" =pP\,i* I [3of ()] (3.14)
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The original parameters are usually such that the sequence of estimates (3.14), (3.12) and
(3.11) decreases rapidly. Because r, = 8, one can take n=1, when 3 is close to f(l), i.e. construct
the wing as a collection of first-order feathers without losing a significant amount of mass.

The case of a wing with a single surface was considered without taking gravity into account.
If gravity has to be taken into account, this can be done with several iterations of the method of

successive approxnmauons Every vth iteration (v=1, 2, ...) consists of solving the problem in
which p,(y) is replaced y pgv’(y) (M-8, and obtaining the weight distribution

function over the wing surface in the form
UV UYL t iIv vvii 15 SuULLavy in ViiN RVUE AR

-p(0)g, () (x€l[0,b}, yel0.ID

where g,(y)=0, and according to (3.11)-(3.13)

g«.,(_v)—g‘gﬂ \pf"’(y) --—-—I G- y)cﬁl
30|\ % fu) J fo |

4. A WING WITH TWO SURFACES

We shall describe the main features for a wing constructed from two surfaces. Because the
upper and lower wing surfaces are usually similar in shape to the plane z = const, instead of the
wing surfaces we shall consider the planes z=h and z=-h, where O<h< f(/). We shall
assume that the pressure drop when passing through the upper wing surface at any point (x, y,
Z°%) of that surface is the same as in passing through the piane z=~# at the point (x, y, &), and
is described by the product p](x)p)(y), where xe[O b], ye[0, I]; the pressure drop when

macging theanah tha lnwar wine enefana at tha nnint v 1Y ic ths came ac in naccing thronoh
Passiiiy uiidugii inc ower Wiilg Suriatte al ui puilii \J\, Y, ) 15 Ul 5aiNC das 1l Passiily Wirougi

the plane z= -/ at the point (x, y, /) and is equal to p}(x)p;(y). Here p{, p3, p; and p;, are
known continuous functions and positive inside their intervals of definition. Suppose that the
functions pJ and p} or p; and p] are linearly dependent, so that

P X)PIO + PLIPL(Y) = P (x)py ()
where p,(x) and p,(y) are non-negative functions xe[0, b}, ye[0, !]. We will call the
projection onto the plane z=# (and similarly z=—A) the upper (and similarly the lower) wing

fnr subfeather) nrnjonhnn

WAEIER,

Using the precedmg formalization, one can introduce variables describing various repre-
sentations of the wing in the form of collections of nth order subfeathers. First of all one can
introduce a variable m giving the number of nth order subfeathers, assuming that the upper
(lower) wing projection decomposes into upper (lower) subfeather projections onto the planes
(2.1) satisfying condition (2.2) for equal loading. The upper (lower) projection for any i th
subfeather ({,=1,..., m) divides into two qubprojections with numbers j1 0, 1 of the lines of
lﬂlClebuUll wuu lllC X = K \ﬂl) pldllc, lll wuu,u ulC bplllc d)ub Ul lllU bUUlCdUICI 1le dllU Wlllb!l
satisfies condition (2.3) for symmetric loading. Then, as in the earlier formalization, one can
introduce variables °m,, °mf) etc. (i, =1, ..., mi=1, ..., ’m,; j; =0, 1), describing the
decomposition of the jth subpm]ectxon of the upper projection of the x,th subfeather into
projections of feathers of order & <n, having first replaced p,(x) by p{(x) and pz(y) by ).
One can similarly introduce variables 'm,, 'm,) etc. (4, =1, ..., m; =1, ..., 'm;; =0, 1),
describing the decomposition of the j th subprojection of the lower projection of the i,th
subfeather inio projeciions of feathers of order k <n, replacing p,(x) by p{(x) and p,(y) by
Pz()’)
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mass one should take n=2, assign the largest possible values to the variables m, "m . 'm_
((,=1, ..., m) and the lowest possible values to the variables *m3) (i, =1, ... . "m,: =0, 1)
and 'mly) (i, =1, ..., 'm,; j =0, 1). Obviously, for these variable values the total mass of the
kth order spines has the previous estimate: (3.14) for k=2, (3.12) for k=1, and (3.11) {or
k=0. In particular, for the k=1 this follows becausc estimate (3.12) depends lincarly on the
lifting force P. Thus the mass of a wing with two surfaces has the same estimate as the mass of
a wing with a single surface.

5. CONCLUDING REMARKS

The results of this paper agree with the general rule of the construction of a bird’s wing. We
note two such rules: (1) the low order of feathers out of which the wing is constructed. and (2
the small width of the feathers and, consequently, their large number. These rules appear in the
construction of wings for different purposes: (1) “gliding” wings, intended to obtain lift
without simultaneously developing thrust, and (2) “flapping” wings. intended to develop both
lift and thrust. To judge from the shape of a bird’s tail, one can construct a “gliding wing” with
a small aspect ratio and, consequently, low mass.

We shall give an example of a mass estimate for the wing of an aircraft. Suppose the take-off mass 15
G, =150 kg, the analytical load factor coefficient n,=5, p,(y)=const, the fuselage width 5, =0.7 m, and
the wing parameters are as follows: @,=n/2, b=12 m, [=1.8 m, f(y)y=10"(4=3.9y/1) (m). &= f().
Suppose the wing material is the alloy B9ST for which ¢=6.08x10° N/m® and p=2.85x10" kg/m’.

The analytic load factor on each wing is estimated from the formula P=n,G g/2. where we take
g =9.81 m/sec’. Then, using (3.13), we find the dominant component of the mass of the wing

{ 2 2
(;*ZEJ'(I_,\) (lyz pPl =07 kg
S 20f(0)

If we take p,(x)=const and w=2, 5. the additional component (3.12) gives 0.06 kg. The mass of the
wings therefore constitutes about 1% of the take-off mass, with an aspect ratio of A =(20+b,)/b~3.6,
while the relative thickness is ¢, =2f(0)/ b= 0.067.

If in this example we take h=0.85 m and /=2.6 m, retaining the values of the other parameters and the
wing area, we obtain G* = 1.46 kg, so that the mass of the wing is about 2% of the take-off mass, A =7 and
¢, =0.094. For comparison, we note that for well-known light aircraft with similar »n,. A and ¢, the wing
mass constitutes about 10% of the take-off mass [2].

The difference in wing mass between the traditional construction and that proposed here can
be explained by the fact that a normal wing is constructed as a single cantilevered plate or as a
shell with a framework [3]. The way the moments change from section to section of a single
cantilever is usually substantially different from that for a construction composed of adjacent
elementary cantilevers under the same load. This, in particular, leads to a mass saving if a wing
constructed from a single (say, first-order) feather is replaced by a wing of scveral narrower
feathers of the same order with the same cxternal geometrical spine characteristics and
preserving the plan shape of the wing.

A practical implementation of a wing of the proposed construction, in which all spines have annular
sections, is difficult. However, the difficultics can be reduced if the leading order spines arc made with the
same closed annular section, and the remaining spines with open sections. For example. a wing can be
constructed from feathers (or subfcathers) of second order. where spines of order k<2 have &
rectangular section with height that varies along the spine axis, and bounded by the values f{l) for k=1. 8
for k=0. For cross-sections of this shape one can justify assertions similar to those proved and arrive a
analogous conclusions about wing construction. In practice a feather (or subfeather) can be constructed
by joining several sections, each of which reproduces the part of the feather (or subfealher) between two
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transverse spine cross-sections. These sections can be produced by preparing a tube of variable cross-
section with attached plates and then working each plate to obtain the required spines.

A wing with a traditional external shape can be constructed in the form of a row of adjacent
subfeathers (see Fig. 1b) each of which is cantilevered to the fuselage. The subfeather includes within
itself a spine of annular section, with external radius varying along the spine axis in the same way as the
half-thickness of the wing varies with respect to span, and with first- or zeroth-order feathers cantilevered
to this spine, these feathers being obtained, for example, by machining plates attached to the spine. The
first- or zeroth-order feathers attached to the spine of the subfeather together produce part of the upper
and lower surfaces of the wing and form its profile.

In order to minimize the wing mass the number of feathers (or subfeathers) attached to the fuselage is
best chosen to be large, because the width of each feather (or subfeather) and the load on it should be
small. The position of the (sub)feather spine axis is chosen according to the symmetric load condition to
be such that there are no twisting moments in the spine. Hence, when there is a random variation in the
aerodynamic load on the wing, the (sub)feather spine should not perform bending-twisting oscillations
which can occur in a traditionally constructed wing and lead to its destruction [3]. Purely bending
(sub)feather oscillations, which are possible under rapid random changes in the aerodynamic load, are
damped because of the change in the lifting force which occurs because of the displacement of the
construction elements when acted upon by elastic forces.

We add that according to the formal description the projection parameters of the (sub)feathers
attached to the fuselage are chosen so as to ensure the same loading of the spines of those (sub)feathers,
with the exterior radius of the section of each spine changing, by assumption, according to the same
function f{y). This ensures the same bending of the spines, taking into account that the inner radius of the
spine section is chosen according to the strength condition. This ensures the preservation of the wing
profile under bending.

If the formation of the wing profile requires one to use subfeathers whose outer spine radii vary along
their axes according to different laws, then ensuring the same bending for the spines can require some
excess in the mass of the wing. The smallest mass of such a wing, considering typical external profile
shapes and load distributions, usually differs from the smallest wing mass when the external spine radii
vary according to the same law in all the subfeathers, by no more than a factor of 1.5, for similar A, ¢,,
and P,

We note that the value of the parameter w, which sets a lower limit to the ratio of the width of the
highest-order (sub)feather to the diameter of its largest external spine section, should be chosen
considering not only the mass, but also some other efficiency characteristics. In particular, w can be
selected by considering as well as the mass, the possibility of controlling the aircraft motion by changing
the plan shape of the wing by rotating the (sub)feathers about parallel axes. It is desirable to perform this
control in both wings in such a way that adjacent highest-order (sub)feathers partially overlap with partial
superposition of the elements forming the wing profile, the control mechanism ensuring that (1) the wing
area, and therefore the lifting force, vary so as to control the rolling moment, and (2) the point of
application of the lifting force varies along the fuselage axis so as to control the pitching moment.

Note that when the proposed wing is used the undercarriage should be attached to the fuselage.
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